Full linear perturbations and localization of gravity on $f(R,T)$ brane by Gu, Bao-Min et al.
ar
X
iv
:1
60
6.
07
16
9v
3 
 [h
ep
-th
]  
16
 Ja
n 2
01
7
Eur. Phys. J. C manuscript No.
(will be inserted by the editor)
Full linear perturbations and localization of gravity on f(R, T )
brane
Bao-Min Gua, Yu-Peng Zhangb, Hao Yuc, Yu-Xiao Liud
1Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, People’s Republic of China
Received: date / Accepted: date
Abstract We study the thick brane world system con-
structed in the recently proposed f(R, T ) theories of
gravity, with R the Ricci scalar and T the trace of the
energy-momentum tensor. We try to get the analytic
background solutions and discuss the full linear pertur-
bations, especially the scalar perturbations. We com-
pare how the brane world model is modified with that
of general relativity coupled to a canonical scalar field.
It is found that some more interesting background so-
lutions are allowed, and only the scalar perturbation
mode is modified. There is no tachyon state exists in
this model and only the massless tensor mode can be
localized on the brane, which recovers the effective four-
dimensional gravity. These conclusions hold provided
that two constraints on the original formalism of the
action are satisfied.
1 Introduction
The fundamental idea of brane world [1,2,3,4,5,6] is
that the visible universe is localized on a 3-brane which
is embedded in a higher-dimensional bulk. A renowned
realization is the Randall-Sundrum (RS) brane world
model [5]. There, the five-dimensional geometry is a
slice of AdS5 due to the negative cosmological constant
in the bulk. In such a geometry, the massless graviton
is trapped on the brane. As a consequence, the four-
dimensional gravity can be recovered even when the ex-
tra dimension is infinitely large. This subverts the con-
ventional wisdom that Newton’s law means only four
non-compact dimensions.
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An interesting question is that whether this holds
for modified gravity theories. This is the motivation
of this paper. In this paper, we consider an RS-like
brane world model in modified gravity theory. We use
a specific source field instead of the cosmological con-
stant in the original RS model to construct a warped
geometry. This actually leads to a domain wall con-
figuration [7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,
22,23,24]. Note that there is no gravity in the original
domain wall model considered by Rubakov and Sha-
poshnikov [25]. Usually, in these works one considers a
canonical scalar field for simplicity. There are also works
where noncanonical scalar field (or K-filed) was consid-
ered [26,27,28,29,30,31], which would lead to some in-
teresting background solutions and Kaluza-Klein gravi-
ton structures (gravity resonances). The models with
multiple scalar fields can be seen in Ref. [32,33,34]. Re-
cently, an attempt to get a domain wall with an inter-
acting vector field was made in [35]. There, the vec-
tor field coupled to gravity nonminimally, resulting a
normalizable gravity zero mode. What is more interest-
ing, it was shown that it is possible to get a domain
wall even without both source field and cosmological
constant, namely pure geometrical brane [36,37,38,39].
These models are based on the modifications of the ge-
ometry sector of the Einstein equation, such as f(R)
gravity. Inspired by these works, we expect to get a
domain wall (thick brane) model in modified gravity
theory.
In this paper, we consider the f(R, T ) gravity the-
ories [40]. This is a special type of modified gravity
theory in the sense that it introduces an arbitrary cou-
pling between gravity and source field. As stated in [40],
the energy-momentum tensor may not conserve, which
implies that the massive particles would not follow the
geodesics. In addition, this gravity model has major dif-
2ferences in cosmology and gravitational collapse. Some
more works on cosmology with this gravity theory can
be seen in Refs. [41,42,43,44,45,46,47,48,49]. The thick
brane world model of this theory was considered in
Ref. [50], and some solutions and the stability of tensor
mode were touched.
We will not consider a general f(R, T ) in this work.
Instead, we will consider a special class of this theory,
namely, f(R, T ) = R + F (T ). We have particular in-
terests in this theory because it can be regarded as
a class of the general K-field theory with L(X,φ) =
K(X,φ) − V (φ) [51,52], which can drive an inflation
with general initial data. Here X denotes the kinetic
term of the scalar field φ. In Refs. [29,30], the special K-
field with L(X,φ) = K(X)−V (φ) was used to build do-
main walls, and some interesting results were obtained.
It is straightforward to see that the theory we will con-
sider belong to the L(X,φ) = K(X,φ)−V (φ) type. To
see whether the four dimensional gravity can be recov-
ered, we would like to investigate the full linear grav-
itational perturbations. The effective four-dimensional
gravity can be recovered only when the massless ten-
sor mode is localized on the brane, and the vector and
scalar modes are not localized, since the normalizable
massless scalar mode or vector mode would lead to a
“fifth force”. Except the recovering of four-dimensional
gravity, another one of our purposes is to study how
the brane world model is modified by replacing R with
R+F (T ), at both of the background and the perturba-
tion levels. As is well known, the evolutions of pertur-
bations are related to the background configuration, so
it is necessary to get the background solutions at first.
We review the f(R, T ) gravity theory and its equa-
tion of motion in section II, and try to get the back-
ground solutions of the brane model with f(R, T ) =
R + F (T ) In section III, we investigate the full linear
perturbations with the scalar-vector-tensor decomposi-
tion. Then we analyze the behaviors of these pertur-
bation modes, and conclude whether this model gives
a viable four-dimensional gravity. At last, we give the
conclusions and summary.
2 Background solutions of the model
Let us start with the action and the field equations
of the f(R, T ) theories of gravity. In five-dimensional
spacetime, the action takes the form
S =
1
2κ2
∫
d5x
√−gf(R, T ) +
∫
d5x
√−gLm, (1)
where f(R, T ) is an arbitrary smooth function of the
Ricci scalar R and of the trace of the stress-energy ten-
sor T , and 2κ2 = M−3∗ with M∗ the five-dimensional
fundamental scale. The stress-energy tensor is defined
by
TMN = − 2√−g
δ(
√−gLm)
δgMN
. (2)
As discussed in Ref. [40], this formalism of the action
allows one to consider a wide class of theories. In this
paper, we consider the choice of f(R, T ) = R + F (T ),
which removes the higher-derivative terms of the field
equations. The gravitational field equation can be ob-
tained by varying the action with respect to the metric
gMN , and the result is
RMN − 1
2
(R+ F (T )) gMN = κ
2TMN +ΘMN , (3)
where ΘMN = − δF (T )δgMN . In this work, we consider a
canonical scalar field for simplicity, that is
Lm = X − V (φ) = −1
2
∂Mφ∂
Mφ− V (φ), (4)
for which the energy-momentum tensor and its trace
are given by
TMN = ∂Mφ∂Nφ+ gMNLm, (5)
T = −3
2
gMN∂Mφ∂Nφ− 5V = 3X − 5V. (6)
The corresponding equation of motion of the scalar field
is
3
2κ2
∇M
(
FT∇Mφ
)
+∇M∇Mφ−
(
5FT
2κ2
+ 1
)
∂V (φ)
∂φ
= 0,
(7)
here FT is the derivative of F (T ) with respect to T . In
order to construct a thick brane world model, we use
the metric ansatz
ds2 ≡ gMNdxMdxN = e2A(y)ηµνdxµdxν + dy2. (8)
Here eA(y) is the warp factor, and xM = (xµ, y). With
this metric, the field equations (3) and (7) can be ex-
pressed in the following specific formalism:
− 6A′2 − 3A′′ + 1
2
F (T ) = κ2
(
1
2
φ′
2
+ V (φ)
)
, (9)
−6A′2 + 1
2
F (T ) = κ2
(
−1
2
φ′
2
+ V (φ)
)
− 3
2
FTφ
′2,(10)
(
κ2 +
3
2
FT
)
φ′′ + 4
(
κ2 +
3
2
FT
)
A′φ′ +
3
2
F ′Tφ
′
=
(
κ2 +
5
2
FT
)
Vφ, (11)
where prime represents the derivative with respect to
the extra dimension coordinate y. Now the system con-
sists of Eqs. (9), (10), and (11). There are actually two
3independent equations because the covariant divergence
of the Einstein tensor is zero (the covariant divergence
of the energy-momentum tensor does not vanish). We
have to solve this system which contains four indeter-
minate functions, and this implies that we are allowed
to impose two constraints on this system. In the previ-
ous work [50], a series of solutions including the Sine-
Gordon type were obtained by using the first-order for-
malism equations. The first-order equations were de-
rived by introducing a superpotential, and the equa-
tions were solved by giving a specific superpotential.
To get more types of solutions except those found in
Ref. [50], we do not follow this approach in this paper.
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Fig. 1 The shapes of the warp factor eA(y) and scalar field
φ(y) with respect to ky and the scalar potential V1(φ) with
respect to φ for the first brane solution (14)-(15). Note that
the scalar potential is opening up (bottom left) for positive
υ21κ
2
− 45, and opening down (bottom right) for negative
υ21κ
2
− 45.
As the first example, we consider the simplest case
with F (T ) = αT , for which the effective matter La-
grangian is
Leff =
1
2κ2
F (T )+Lm = (1+
3α
2κ2
)X−(1+ 5α
2κ2
)V. (12)
Using Eqs. (9) and (10), we get a largely simplified
equation
−3A′′ =
(
κ2 +
3
2
FT
)
φ′2. (13)
Now the solutions can be obtained by solving Eqs. (11)
and (13). We consider a kink scalar field solution, namely
φ(y) = υ1tanh(ky). This supports the solution of the
system as follows
A(y) = sech2(ky)− 4 log (cosh(ky))− 1, (14)
V1(φ) =
9k2
2υ41 (υ
2
1κ
2 − 45)
(
78υ41φ
2 − 51υ21φ4 + 8φ6
)
,(15)
with α = 12
υ21
− 23κ2. Note that we have chosen appropri-
ate parameters to make A(0) = 0. We show the plots
of eA(y), φ(y), and V (φ) in Figure 1. Clearly, the scalar
potential has a φ6 profile, and it opens up and down
for positive and negative υ21κ
2 − 45, respectively. The
scalar field approaches a constant at infinity, which cor-
responds to the local maxima of the scalar potential for
positive υ21κ
2−45. This seems contrary to our common
sense. However, it should be noted that the source part
of the action and thus the scalar potential are mod-
ified. To see this clearly, we investigate the effective
Lagrangian (12). For constant FT considered here, we
have
Leff =
18
c20κ
2
(
−1
2
(∂φ)2 − Veff(φ)
)
, (16)
Veff(φ) = −υ
2
1κ
2 − 45
27
V (φ)
= −9k
2
2υ41
(
78υ41φ
2 − 51υ21φ4 + 8φ6
)
. (17)
From this point of view, the infinity of the extra dimen-
sion corresponds to the minimum of the effective scalar
potential Veff(φ) regardless of the sign of c
2
0κ
2 − 45,
which is consistent with our conventional wisdom. How-
ever, the original scalar potential V (φ) in (6) does not
need to follow this due to the inclusion of the F (T )
term. For general F (T ), there will be some more differ-
ences. Now we can see that both of the solutions given
by Figs. 1(c) and 1(d) are permissible. This is a new
feature different from the standard case.
The second example is for a more general power of
T , i.e., F (T ) = αT n with n a positive integer. The
effective Lagrangian is
Leff =
α
2κ2
(3X − 5V )n +X − V. (18)
One of the solution is given by
A(y) = log(sech(ky)), (19)
φ(y) = υ2 arctan (tanh (ky/2)) , (20)
V2(φ) =
27k2
4κ2
(
17n− 14
14− 9n − cos (4φ/υ2)
)
, (21)
with υ2 =
6
√
5
κ . It can be easily checked that T is a
constant here. Note that for n = 1 the action reduces
to the first model, but this solution is different from the
first one given in (14) and (15) since the scalar potential
here is the Sine-Gordon one. Similar to the solution in
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Fig. 2 The plots of the potentials V2,3(φ) in the second and
third solutions (21) and (24). The infinity of the extra dimen-
sion corresponds to ±φ0 = ±
piυ2
4
(left) and ±υ3 (right).
the first example, the infinity of the extra dimension is
at the maxima of the scalar potential.
For nonconstant FT , it is much more difficult to get
the solution. We give the solution here without the ex-
pression of F (T ):
A(y) = log(sech(ky)), (22)
φ(y) = υ3 tanh(ky), (23)
V3(φ) =
9k2
υ23κ
2
[
φ2− 15
2κ2
log
(
2κ2
(
φ2−υ23
)
+15
)]
, (24)
F (y) = k2
(
κ2υ23sech
4(ky)− 36sech2(ky) + 30)
− 135k
2
κ2υ23
log
(
15− 2κ2υ23sech2(ky)
)
. (25)
We require that
υ23 <
15
2κ2
, (26)
to make the log term in (25) to be real. The plots of
the potentials V2 and V3 are given in Fig. 2. It can be
checked that all the three solutions above give asymp-
totically AdS5 bulk geometry.
3 Full Linear Perturbations
In this section, we discuss the full linear perturbations
of this brane world model. From now on, we consider
the case of an arbitrary F (T ). In the following the cal-
culation is done in the conformally flat coordinate sys-
tem. The physical and conformal extra dimension coor-
dinates are related by the equation dy = eA(z)dz, which
together with (8) gives
ds2 = e2A(z)
(
ηµνdx
µdxν + dz2
)
. (27)
Now we introduce the perturbation of this metric. For
the background metric gMN , the perturbed metric is
g˜MN = gMN + δgMN . (28)
Here δgMN is the metric perturbation tensor. To linear
order, the metric perturbation can be decomposed into
scalar, vector, and tensor modes, or in the following
specific formalism
δgMN =e
2A(z)
×
(
2hµν+∂µξν+∂νξµ+2ηµνψ+2∂µ∂νΦ ζµ+∂µϕ
ζν+∂νϕ 2χ
)
. (29)
The tensor hµν , which is relevant to the gravitational
waves, satisfies the transverse and traceless (TT) con-
dition
∂µhµν = 0, η
µνhµν = 0. (30)
The ξν and ζµ are transverse vector modes, i.e.
∂µξµ = 0, ∂
µζµ = 0. (31)
The remaining variables ψ, Φ, ϕ, and χ represent the
scalar degrees of freedom. Clearly, different kinds of
modes decouple in the action. As we will see below,
this is crucial for our analysis of perturbation modes.
Since we are interested in the behaviours of these
modes, it is necessary to get their field equations. The
perturbed field equations can be obtained by replacing
the background metric in (3) by the perturbed met-
ric (28). If this were done, we would get the field equa-
tions that contain the lowest order (zero order), the
linear order, and the higher order terms of the met-
ric perturbation. The lowest order parts are just the
background equations (9) and (10). We do not explore
the higher order equations since this subject is beyond
the scope of the present work. So we concentrate on
the linear order field equations. Note that the decom-
position (29) makes different kinds of modes decouple,
therefore we are allowed to divide a linear order equa-
tion into three equations (the scalar, vector, and ten-
sor equations). One can also get the field equations of
the metric perturbation modes by writing down the
quadratic order action, and then varying this action
with respect to various perturbation modes respectively.
We adopt the former path in this work.
The metric perturbation tensor (29) contains 7 vari-
ables, or 15 degrees of freedom totally. Nevertheless,
not all of them are independent because of the gauge
invariance. Let us consider the infinitesimal coordinate
transformation
xA → x˜A = xA + ǫA. (32)
Under this transformation, the metric perturbation ten-
sor δgMM transforms as
δgMN → δg˜MN = δgMN + 2∇(M ǫN). (33)
It is easy to check that the TT part hµν is gauge invari-
ant. Although the non-TT part is not gauge invariant,
5it is possible to construct some gauge invariant vari-
ables [12,13,14] by using combinations of the variables
given in (29). We are allowed to choose a suitable gauge
to eliminate the redundant degrees of freedom (5, in
five dimensions). Usually, it would be convenient in the
longitudinal gauge, i.e. ξµ = 0 and Φ = 0 = ϕ. In this
gauge, the metric perturbation tensor becomes
δgMN = e
2A(z)
(
2hµν + 2ηµνψ ζµ
ζν 2χ
)
. (34)
Using this metric perturbation, we investigate the per-
turbed field equation of Eq. (3):
δRMN− 1
2
δ (F (T )gMN ) = κ
2δTMN+
3
2
δ (FT ∂Mφ∂Nφ) .
(35)
To linear order, this equation can be decomposed into
µν, µ5, and 55 components.
The explicit forms of the µν components are[
+ ∂2z + 3∂zA∂z + 6 (∂zA)
2 + 2∂2zA+ e
2AF
]
hµν
−2κ2
(
1
2
(∂zφ)
2 + e2AV
)
hµν = 0, (36)
∂µ∂zζν + ∂ν∂zζµ + 3∂zA (∂µζν + ∂νζµ) = 0, (37)
2ηµνψ − 2∂µ∂νψ + 3ηµν∂2zψ + 9ηµν∂zA∂zψ
+6ηµν
(
(∂zA)
2
+ ∂2zA
)
ψ − e2AF (T )ηµνψ
+ηµνκ
2
(
(∂zφ)
2 + 2e2AV (φ)
)
ψ + ηµνχ− ∂µ∂νχ
−6ηµν
(
(∂zA)
2
+ ∂2zA
)
χ− 3ηµν∂zA∂zχ
+ηµν
[(3
2
FT + κ
2
)
∂zφ∂z +
(5
2
FT + κ
2
)
e2AVφ
]
δφ
−ηµν
(3
2
FT + κ
2
)
(∂zφ)
2 χ = 0, (38)
where  = ηαβ∂α∂β is the four-dimensional d’Alembert
operator, and δφ is the perturbation of the scalar field.
Equation (36) is the equation of motion of the tensor
perturbation mode. We can eliminate the first deriva-
tive term from (36) to obtain
h˜µν + ∂
2
z h˜µν −
(
3
2
∂2zA+
9
4
(∂zA)
2
)
h˜µν = 0 (39)
by defining h˜µν = e
3
2Ahµν . This redefinition is actually
equivalent to canonically normalize the kinetic term of
the tensor mode. This is the equation of motion of the
tensor mode, and we will analyze it in next section. The
remaining two equations (37) and (38) lead to
∂z∂(µζν) + 3∂zA∂(µζν) = 0, (40)
χ+ 2ψ = 0. (41)
As can be seen, Eq. (41) is just an algebraic equation
of the two scalar modes. Usually, one cannot get sim-
ilar relations in gravity theories with higher-derivative
terms of the metric, for instance, the metric formalism
f(R) theories of gravity [53,54,55]. Equation (40) is the
field equation of the vector mode, and also we will an-
alyze it in next section.
The µ5 components can be divided into two parts
κ2
(
1
2
(∂zφ)
2 + e2AV
)
ζµ − 1
2
ζµ − 1
2
F (T )e2Aζµ
+3
(
(∂zA)
2 + ∂2zA
)
ζµ = 0, (42)
3∂zA∂µχ− 3∂µ∂zψ −
(
3
2
FT + κ
2
)
∂zφ∂µδφ = 0. (43)
Combining Eqs. (9) and (42), we get
ζµ = 0. (44)
This implies that the vector mode is massless. By sub-
stituting Eq. (41) into Eq. (43), we get the solution of
the perturbation of the scalar field
δφ = −6(∂zψ + 2ψ∂zA)
(2κ2 + 3FT )∂zφ
. (45)
It should be pointed out that it is impossible to get
similar results in gravity theories with higher-derivative
terms of source fields, for example, f(R) theories in the
Palatini formalism [24,54]. The solution (45) is crucial
to the simplification of the 55 component of Eq. (35),
which reads
∂zφ
(
κ2 +
3
2
FT − 9(∂zφ)
2
2e2A
FTT
)
∂zδφ+3ψ
−e2AVφ
(
κ2+
5
2
FT+
15(∂zφ)
2
2e2A
FTT
)
δφ+ 12∂zA∂zψ
=
(
2κ2e2AV −e2AF− 3
2
FT (∂zφ)
2− 9(∂zφ)
4
2e2A
FTT
)
χ.
Now it is clear that we can reduce the number of scalar
perturbation modes of this system to be 1. Again using
the background equations (9)–(11) and some manipula-
tions, we get an equation which involves only one scalar
mode ψ:{
+B(z)
(
∂2z + ∂z
[
ln
(
e3A
G(z)∂zφ
)]
∂z
+4∂2zA− 2∂zA∂z ln [G(z)∂zφ]
)}
ψ = 0, (46)
whereB(z) = 1− 9FTT (∂zφ)3
2G(z)e2A(z)
andG(z) =
(
κ2 + 32FT
)
∂zφ.
This is the field equation of the scalar mode of the met-
ric perturbation (29). Until now we have successfully
obtained the field equations of various modes of the
metric perturbation (29).
64 Localization of perturbation modes
In this section let us discuss the behaviors of the tensor,
vector, and scalar modes. This requires the analysis of
Eqs. (39), (40) and (46).
4.1 Tensor mode
Equation (39) is a Schro¨dinger-like equation of the ten-
sor mode. Clearly, it is the same with that of general rel-
ativity. Therefore it has the same mass spectrum. To get
a better understanding of the effective four-dimensional
gravity, we make a decomposition
h˜µν(x
µ, z) = hˆµν(x
µ)Ψ(z), (47)
and then following from (39) we get(
∂z +
3
2
∂zA
)(
−∂z + 3
2
∂zA
)
Ψ(z) = m2Ψ(z). (48)
Note that this is consistent with hˆµν = m
2hˆµν . The
above equation gives the mass spectrum of the Kaluza-
Klein (KK) modes of gravity, and obviously avoids the
tachyon instability. The zero mode corresponding to the
solution with m = 0 is given by
Ψ0(z) ∝ e3A(z)/2. (49)
The recovering of the effective four-dimensional gravity
requires the normalization of the zero mode:∫
|Ψ0(z)|2dz <∞. (50)
This is equivalent to have a finite four-dimensional Planck
mass, if we define M2Pl = M
3
∗
∫ |Ψ0(z)|2dz, i.e.
S ⊃M3∗
∫
|Ψ0(z)|2dz
∫
∂hˆ∂hˆ. (51)
For our solution (14), this condition can surely be sat-
isfied, so the zero mode can be localized.
In addition to the zero mode, Eq. (48) allows a con-
tinuous mass spectrum for massive states. If the nor-
malization condition cannot be satisfied for massive
state Ψm, then this massive state would be plane wave
at infinity. In other words, the corresponding massive
KK graviton cannot be localized on the brane. For our
case, all the massive gravitons cannot be localized.
4.2 Vector mode
The field equations of the vector mode correspond to
Eqs. (40) and (44). They are the same as that of general
relativity, so we do not investigate them in detail. It can
be concluded straightforwardly that, if the tensor zero
mode can be localized, then the vector mode cannot be
localized on the brane.
4.3 Scalar mode
We now turn to the scalar mode equation (46). This
equation has significant difference from that of general
relativity [12,13,14]. To get a Schro¨dinger-like formal-
ism equation (or the equation of the canonically nor-
malized field), we first perform a coordinate transfor-
mation
dz ≡
√
B(z)dr. (52)
Note that we have a constraint on the function F (T ) to
makeB(z) > 0. If this is satisfied then the equation (46)
can be written as
ψ + ∂2rψ +K(r)∂rψ + J(r)ψ = 0, (53)
where
K(r) = ∂rln
(
e3A(r)
G(r)∂rφ
)
, (54)
J(r) = 4∂2rA− 2∂rA∂rln[G(r)∂rφ]. (55)
Clearly, since Eq. (53) contains a term with sin-
gle derivative on ψ, the scalar mode ψ is surely not
canonically normalized in the perturbed quadratic ac-
tion. This trouble can be solved by redefining the scalar
mode as ψ˜(r) = e
∫
1
2K(r)drψ(r). In terms of ψ˜(r), the
equation (53) turn to be
ψ˜ + ∂2r ψ˜ +
[
J(r) − 1
2
∂rK − 1
4
K2
]
ψ˜ = 0. (56)
The scalar mode can also be separated as ψ˜(xµ, r) =
ψˆ(xµ)Φ(r) with ψˆ(xµ) = m2ψˆ(xµ). With this decom-
position, we finally get a Schro¨dinger-like equation of
the canonically normalized scalar mode Φ(r):
−∂2rΦ+ V (r)Φ = m2Φ, (57)
with V (r) = 12∂rK +
1
4K
2−J(r). It can be shown that
this equation can be factorized as
(
∂r +
∂rI(r)
I(r)
)(
−∂r + ∂rI(r)
I(r)
)
Φ = m2Φ, (58)
with I(r) = ∂rA[e
3AB(r)G(r)∂rφ]
−1/2. To get a real
I(r) we require κ2 + 32FT > 0. This formalism of equa-
tion ensures that no scalar mode with m2 < 0 exists.
Furthermore, the zero mode (massless mode) solu-
tion is
Φ0 ∝ I(r). (59)
As a comparison, we recall the scalar zero mode solution
in the standard case, which corresponds to B(r) = 1
and G(r) = κ2. It is more convenient to analyze the
7normalization condition in the physical coordinate y.
Using the background equation (13), we have∫
|Φ0(r)|2dr∝
∫
(∂zA)
2 dz
3e3A [(∂zA)2−∂2zA]−9FTT (∂zφ)4/2
∝
∫
(∂yA)
2 dy
3e4A∂2yA− 9e3AFTT (∂yφ)4/2
. (60)
It has a significant difference with that of general rel-
ativity coupled to a canonical scalar field, in which
FTT = 0.
For our three background solutions given in sec-
tion 2, the corresponding FT and FTT are
F
(1)
T = α =
12
υ21
− 2
3
κ2, (61)
F
(2)
T = −
28
45
κ2, (62)
F
(3)
T =
2
υ23
cosh2(ky)− 2
3
κ2, (63)
and
F
(1)
TT = 0, (64)
F
(2)
TT = −
14(n− 1)(9n− 14)κ4
6075nk2
(n ≥ 1), (65)
F
(3)
TT =
cosh6(ky)
(
4υ23κ
2 − 30 cosh2(ky))
υ43k
2
(
6υ23κ
2 − 135 cosh2(ky)) , (66)
respectively. It is easy to verify that all the solutions
given in section 2 satisfy the two conditions, B = 1 −
9FTT (∂yφ)
2
2(κ2+ 32FT )
> 0 and κ2+ 32FT > 0. Substituting them to
Eq. (60), we can see that the scalar zero mode cannot
be normalized for all the three solutions. So our back-
ground solutions are stable, and the scalar mode cannot
be localized.
It is worth noting here that the first model with
F (T ) = αT is equivalent to general relativity coupled
to a canonical scalar field at background and perturba-
tion levels regardless of whether T is a constant or not.
For the second model, namely, F = αT n with T a con-
stant, even though the action is equivalent to general
relativity coupled to a canonical scalar field, they are
not equivalent (except n = 1) at perturbation level. The
third model is completely different from the standard
case at both of background and perturbation levels.
5 conclusions
To summarize, we investigated the thick brane world
model in f(R, T ) theories of gravity. The domain wall
configuration was constructed by introducing a scalar
field in the noncompact bulk. The background solution
was obtained by giving a kink scalar field. All of the
background quantities are smooth, and so there is no
singularity in this asymptotically AdS5 space. In thick
brane world models constructed with general relativity
coupled to a canonical scalar field, the scalar potential
can be φ4 type and Sine-Gordon type etc, and these
solutions share a common characteristic that the vac-
uum is at the minimum. However, in our model this
does not need to be the case. This is a significant new
feature that different from the standard case.
Besides, we studied the full linear perturbations of
this model, including tensor, vector, and scalar modes.
Among these modes, the tensor and vector modes are
the same as that of general relativity coupled to a canon-
ical scalar field, and only the scalar mode is modified
due to the F (T ) term (except for the special case of
F (T ) = αT ). We found that, to linear order, the scalar,
vector, and tensor modes are stable and no tachyon
state exists. Furthermore, we showed that only the ten-
sor zero mode (four-dimensional massless graviton) can
be localized on the brane, hence we obtained the viable
four-dimensional gravity. These conclusions hold if the
two constraints on the action, namely B(z) > 0 and
κ2 + 32FT > 0, are satisfied. We argue that these con-
straints are significant for building viable models from
this class of theories.
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